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Abstract: Nonrelativistic open string theory is defined by a worldsheet theory that
produces a Galilean invariant string spectrum and is described at low energies by a
nonrelativistic Yang-Mills theory [1]. We study T-duality transformations in the path
integral for the sigma model that describes nonrelativistic open string theory coupled
to an arbitrary closed string background, described by a string Newton-Cartan geom-
etry, Kalb-Ramond, and dilaton field. We prove that T-duality transformations map
nonrelativistic open string theory to relativistic and noncommutative open string the-
ory in the discrete light cone quantization (DLCQ), a quantization scheme relevant for
Matrix string theory. We also show how the worldvolume dynamics of nonrelativistic
open string theory described by the Dirac-Born-Infeld type action found in [1] maps
to the Dirac-Born-Infeld actions describing the worldvolume theories of the DLCQ of
open string theory and noncommutative open string theory.
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1. Introduction and Conclusions
Nonrelativistic string theory [2] is described on the worldsheet by a two-dimensional rel-
ativistic quantum field theory (QFT).1 In a flat target spacetime, the worldsheet theory
enjoys a nonrelativistic global symmetry, dubbed as string Newton-Cartan symmetry
(see e.g. [5]). Realizing this symmetry requires introducing one-form worldsheet fields,
in addition to the worldsheet fields that play the role of target space coordinates. The
nonrelativistic closed string spectrum is endowed with a Galilean invariant dispersion
relation.
The target space of dimension d in nonrelativistic string theory is split into a two-
dimensional longitudinal sector and a (d− 2)-dimensional transverse sector, due to the
presence of the one-form worldsheet fields. In flat spacetime, the longitudinal sector
is Lorentzian and the transverse sector is Euclidean. Nonrelativistic string theory is
invariant under a Galilean-type boost symmetry that transforms the d − 2 transverse
directions into the two longitudinal directions, but not vice versa.2 A crucial role is
played by the topology of the spatial longitudinal coordinate: the closed string spectrum
is empty unless it is a circle and the string can wind around the compact longitudinal
coordinate [2].
Depending on whether a Dirichlet or Neumann boundary condition is imposed
in the longitudinal spatial direction, there are two qualitatively different open string
theories to consider (we take Neumann boundary conditions in the transverse direc-
tions). Imposing a Dirichlet boundary condition leads to nonrelativistic open string
theory on D(d − 2)-branes, which has a nonrelativistic open string spectrum with a
Galilean invariant dispersion relation [1, 15]. Recently, in a companion paper [1], the
worldsheet theory describing nonrelativistic open string theory (NROS) in an arbitrary
open and closed string background has been put forward, and studied in detail. In
particular, it was shown in [1] that, in flat spacetime, the low energy dynamics of open
strings ending on n coinciding D(d−2)-branes is described by a Galilean invariant U(n)
Yang-Mills theory.3 Imposing a Neumann boundary condition instead leads to the well-
studied noncommutative open string theory (NCOS) [2, 15] on D(d−1)-branes,4 where
a nonzero longitudinal B-field is required in order to have a nonempty open string
1The nonrelativistic spectrum was first obtained by taking a limit in [3] (see also [4]).
2The target space geometry of nonrelativistic string theory is the string Newton-Cartan geometry
[6] (see also [5, 7–10]). Note that this is different from nonrelativistic geometries derived from null
reduction of relativistic string theory; see [11–14].
3The theory on a single D-brane for n = 1 is free and reduces to Galilean Electrodynamics [16–19].
4In the original works on NCOS [20, 21], the theory was defined as a zero slope, near critical electric
field limit of relativistic open string theory. A finite worldsheet theory describing NCOS was written
down in [2].
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spectrum. As a consequence of this, the longitudinal spacetime coordinates in NCOS
do not commute with each other.
In this work we study T-duality of the path integral defining NROS. While T-
duality in the transverse directions is in form the same as in relativistic open string
theory, T-duality in the longitudinal spatial direction receives intriguing nonrelativistic
twists. We will therefore focus on the longitudinal T-duality transformations in the
following.
We first consider the path integral in flat spacetime in §2 and uncover the spacetime
interpretation of the T-dual theories. We start with NROS on a D(d−2)-brane, with a
Dirichlet boundary condition along the longitudinal spatial circle and Neumann bound-
ary conditions in the remaining directions (and suitable boundary conditions for the
one-form fields). Performing a T-duality transformation along the longitudinal spatial
circle in NROS leads to relativistic open string theory on a spacetime-filling D(d− 1)-
brane and with a compact lightlike circle.5 The T-dual of NROS is thus the discrete
light cone quantization (DLCQ) of relativistic open string theory (see §2.2). This par-
allels the discussion of T-duality in nonrelativistic closed string theory [6].6 Quantizing
string theory and M-theory in the DLCQ plays an important role in holographic corre-
spondences such as the Matrix theory description of the DLCQ of M-theory [24] and of
string theory [25–27]. Therefore, the worldsheet theory of NROS gives a first principles
microscopic definition of open string theory in DLCQ.
We then proceed to consider a different T-duality transformation that relates NROS
to NCOS. We note that, in longitudinal spatial T-duality, we have taken the geometry
of the longitudinal sector in NROS to be a spacetime cylinder, wrapping around the
compactified longitudinal spatial direction, and the D(d − 2)-brane is transverse to
the longitudinal spatial circle. We can introduce a twist in the compactification of the
longitudinal spatial coordinate by shifting one end of the longitudinal cylinder along the
time direction before gluing back. Typically, this shift does not change the character of
the T-duality transformation and still leads to the DLCQ of relativistic open strings in
the T-dual frame. However, when the shift equals the circumference of the longitudinal
circle, performing a T-duality transformation on this shifted cylinder leads to NCOS
on a spacetime-filling D(d− 1)-brane and with a compact longitudinal lightlike circle.
The T-dual theory is, in this sense, NCOS in the DLCQ description. The longitudinal
B-field in the T-dual NCOS theory corresponds to a rescaling factor of the circle in
NROS. See §2.4.
5Such a compact lightlike circle can be obtained by infinitely boosting a longitudinal spatial circle
in the two-dimensional longitudinal sector [22]. The theory written in [2] gives a finite worldsheet
description of this limit.
6Also see [23] for T-duality in nonrelativistic closed string theory in the Hamiltonian formalism.
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DLCQ of NCOS
D(d− 1)-brane
NROS
D(d− 2)-brane
longitudinal
T-duality
DLCQ of
rel. open string
D(d− 1)-brane
on a cylinder on a shifted cylinder
Figure 1. Longitudinal T-duality on a regular (shifted) cylinder relates NROS on a D(d−2)-
brane to the DLCQ of relativistic (noncommutative) open string theory on a spacetime-filling
D(d− 1)-brane. Both of the dual theories on the lower left and right corners have a compact
lightlike circle.
The longitudinal T-duality transformation on a regular (shifted) cylinder that re-
lates NROS to the DLCQ of relativistic (noncommutative) open string theory is sum-
marized in Figure 1.
For completeness, we also consider in §2.5 a longitudinal spatial T-duality trans-
formation in the path integral of nonrelativistic string theory with a spacetime-filling
D(d− 1)-brane, which leads to relativistic open string theory on a D(d− 2)-brane that
is infinitely boosted along a spatial circle (see also [20]).
Finally, in §3 we consider generalizations of all the T-duality transformations in
general open and closed background fields, first on the worldsheet nonlinear sigma
models and then on the associated spacetime Dirac-Born-Infeld type actions.
2. Flat Spacetime
2.1. Nonrelativistic Open String Theory
We first review nonrelativistic string theory in conformal gauge and with zero back-
ground fields, following closely [1]. The free worldsheet action is
SNROS =
1
4piα′
∫
Σ
d2σ
(
∂αX
A′∂αXA
′
+ λ ∂X + λ ∂X
)
, (2.1)
where
X = X0 +X1, X = X0 −X1, (2.2)
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and
∂ = ∂σ − i ∂τ , ∂ = ∂σ + i ∂τ . (2.3)
Here, the Riemann surface Σ is parametrized by the Euclidean coordinates σα = (τ, σ) .
The target spacetime dimension is denoted by d , which is 26 for bosonic and 10
for supersymmetric nonrelativistic string theory. The worldsheet fields include the
longitudinal coordinates XA with A = 0 , 1 , the transverse coordinates XA
′
with
A′ = 2 , · · · , d − 1 , and the one-form fields λ and λ. These one-form fields impose
the (anti-)holomorphic constraints ∂X = ∂X = 0 . The boundary ∂Σ of the world-
sheet manifold Σ is taken to be at σ = 0 .
In nonrelativistic open string theory, we impose a Dirichlet boundary condition in
the longitudinal X1-direction while taking all other directions to satisfy a Neumann
boundary condition. Explicitly, the boundary conditions are
δX1
∣∣
σ=0
= 0 , ∂σX
0
∣∣
σ=0
= ∂σX
A′
∣∣
σ=0
= 0 , (2.4a)
λ+ λ
∣∣
σ=0
= 0 , ∂σX
1 + i ∂τX
0
∣∣
σ=0
= 0 . (2.4b)
These boundary conditions define nonrelativistic open string theory on a D(d−2)-brane
transverse to the longitudinal spatial X1-direction. The symmetry preserved by the D-
brane is the Bargmann symmetry.7
This theory has an open string spectrum with a Galilean invariant dispersion re-
lation. To have a nonempty spectrum, it is required that the longitudinal sector has a
nontrivial topology; to be specific, we will consider the case where X1 is compactified
on a circle of radius R .8 This implies the periodicity condition
X1(σ + 2pi) = X1(σ) + 2piRw , w ∈ Z , (2.5)
where w is the winding number.
2.2. Longitudinal Spatial T-Duality
In the following, we perform a T-duality transformation in nonrelativistic open string
theory defined in §2.1 along the X1-direction, which is transverse to the D-brane. We
start with introducing the parent action,
Sparent =
1
4piα′
∫
Σ
d2σ
[
∂αX
A′∂αXA
′
+ λ
(
∂X0 + vσ + ivτ
)
+ λ
(
∂X0 − vσ + ivτ
)]
7There is also an additional dilatational symmetry acting on the longitudinal sector; see [1].
8One may also consider open strings stretched between D-branes separated by a certain distance
in the X1 direction.
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+
i
2piα′
∫
Σ
d2σ αβ X˜ ∂αvβ , (2.6)
together with the boundary conditions
vτ
∣∣
σ=0
= 0 , ∂σX
0
∣∣
σ=0
= ∂σX
A′
∣∣
σ=0
= 0 , (2.7a)
λ+ λ
∣∣
σ=0
= 0 , vσ + i ∂τX
0
∣∣
σ=0
= 0 . (2.7b)
We have introduced the Lagrange multiplier X˜ that imposes αβ∂αvβ = 0 in the bulk;
X˜ will be interpreted as a dual coordinate in the T-dual frame. Note that the theory
is invariant under the global translation X˜ → X˜ + ξ . To integrate out the field X˜ in
the path integral, we plug in (2.6) the (local) solution to the bulk equation αβ∂αvβ = 0
with vα = ∂αX
1. This gives back the original action (2.1) together with the boundary
conditions (2.4).
To proceed with the T-duality transformation, instead of integrating out X˜ in (2.6),
we now integrate out the field vα in (2.6). The equations of motion from varying with
respect to vα are
λ+ λ = −2 ∂σX˜ , λ− λ = 2 i ∂τX˜ , (2.8)
which define the duality map. Plugging (2.8) into (2.6) and (2.7), we find the dual
action
S˜ROS =
1
4piα′
∫
Σ
d2σ
(
∂αX
A′∂αXA
′ − 2 ∂αX0 ∂αX˜
)
, (2.9)
with the boundary conditions
∂σX
0
∣∣
σ=0
= ∂σX˜
∣∣
σ=0
= ∂σX
A′
∣∣
σ=0
= 0 . (2.10)
Note that the Dirichlet boundary condition δX1
∣∣
σ=0
= 0 in (2.4) is dual to the Neumann
boundary condition ∂σX˜
∣∣
σ=0
= 0 in (2.10).
Define X˜µ with µ = (A,A′) and
X˜0 ≡ 1√
2
(
X0 + X˜
)
, X˜1 ≡ 1√
2
(
X0 − X˜) . X˜A′ = XA′ . (2.11)
In terms of X˜µ, the dual action (2.9) becomes
S˜ROS =
1
4piα′
∫
Σ
d2σ ∂αX˜
µ ∂αX˜µ , (2.12)
together with the Neumann boundary condition ∂σX˜
µ
∣∣
σ=0
= 0 . This is relativistic
open string theory on a spacetime-filling D(d− 1)-brane in Minkowski space, in which
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the spacetime coordinate X˜ is a compact lightlike direction. This yields the DLCQ of
relativistic open string theory. See more in §2.3.
It is also interesting to perform the inverse T-duality transformation that takes
(2.12) back to (2.1). We start with introducing the parent action
S˜parent =
1
4piα′
∫
Σ
d2σ
(
∂αX
A′ ∂αXA
′ − 2uα ∂αX0
)
+
i
2piα′
∫
Σ
d2σ αβ Y ∂αuβ +
i
2piα′
∫
∂Σ
dτ Y uτ , (2.13)
with the boundary conditions
∂σX
0
∣∣
σ=0
= ∂σX
A′
∣∣
σ=0
= 0 , uσ
∣∣
σ=0
= 0 , δY
∣∣
σ=0
= 0 . (2.14)
Here, Y is a Lagrange multiplier that imposes αβ∂αuβ = 0 . The boundary term Y uτ
is introduced so that the action is invariant under the global translation Y → Y + ξ ,
reflecting the fact that it is immaterial where along the Y direction the dual brane is
exactly located [28]. Integrating out the Lagrange multiplier Y takes the action (2.13)
back to (2.9). To pass to the T-dual theory, we rewrite (2.13) as
S˜parent =
1
4piα′
∫
Σ
d2σ ∂αX
A′ ∂αXA
′ − 1
2piα′
∫
Σ
d2σ uα
(
∂αX0 − i αβ∂βY
)
. (2.15)
The auxiliary field uα serves as a Lagrange multiplier which imposes
∂αX0 − i αβ∂βY = 0 . (2.16)
Identifying λ = −uσ + i uτ , λ = −uσ − i uτ and Y = X1, we find that (2.15) takes the
form of (2.1) and the boundary conditions in (2.14) reduce to the ones in (2.4).
2.3. Open String Vertex Operators and T-Duality
The most general open string vertex operator in nonrelativistic open string theory has
been constructed in [1], with
VNROS =
∫
∂Σ
dτ
[
Nλ+ i
(
A0 ∂τX
0 + AA′ ∂τX
A′)] . (2.17)
For zero winding states, the worldsheet couplings N , A0 and AA′ are functions of X
0
and XA
′
. Here, A0 and AA′ are components of the U(1) gauge field living on the
D(d − 2)-brane; N is the Nambu-Goldstone boson that perturbs the geometry of the
brane, and it arises due to the fact that the D(d − 2)-brane spontaneously breaks
the translational symmetry in X1. They have spacetime interpretation as background
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open string fields on the D(d−2)-brane. This vertex operator is invariant under that
Bargmann symmetry. The couplings are independent of λ and the vertex operator is
invariant under the U(1) gauge transformation
δA0 = ∂0 , δAA′ = ∂A′ . (2.18)
In nonrelativistic open string theory, open string states with a fixed winding number
w are described by a vertex operator which includes the following factor [2]:
V w = exp
[
−iwR
2α′
∫ z
dz′ λ(z′)
]
, z = σ + i τ. (2.19)
Then, the couplings N , A0 and AA′ are λ-dependent and can be “Fourier expanded”:
N(X0, XA
′
, λ) =
∑
w
Nw(X0, XA
′
)V w, (2.20a)
A0(X
0, XA
′
, λ) =
∑
w
Aw0 (X
0, XA
′
)V w, (2.20b)
AA′(X
0, XA
′
, λ) =
∑
w
AwA′(X
0, XA
′
)V w. (2.20c)
Therefore, for winding states, the vertex operator is invariant under the U(1) gauge
transformation that acts on the “Fourier modes” as
δN
w = i
wR
2α′
w , δA
w
0 = ∂0 
w , δA
w
A′ = ∂A′
w . (2.21)
The fact that there is a nontrivial U(1) transformation acting on Nw will gain a simple
interpretation in the T-dual frame.
In the parent action (2.6), the open string vertex operator (2.17) remains the
same. Integrating out vα in the path integral amounts to applying the duality map
(2.8) together with the dual boundary condition (2.10) to the vertex operator (2.17).
As a result, the T-dual of the open string vertex operator (2.17) is
V˜ROS = i
∫
∂Σ
dτ
(
N ∂τX˜ + A0 ∂τX
0 + AA′∂τX
A′) . (2.22)
In terms of the dual coordinates defined in (2.11), we find
V˜ROS = i
∫
∂Σ
dτ A˜µ ∂τX˜
µ, (2.23)
where X˜µ is defined in (2.11) and
A˜0 =
1√
2
(
N + A0
)
, A˜1 =
1√
2
(−N + A0) . (2.24)
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This is the standard open string vertex operator in relativistic open string theory. Here,
A˜µ is the U(1) gauge field on the spacetime-filling brane, which transform under the
gauge symmetry as
δ˜ A˜µ =
∂ ˜
∂X˜µ
. (2.25)
Next, we consider the T-dual of the winding operator (2.19). Using the duality
map (2.8), we find the dual of (2.19) as exp
(
i p˜ X˜
)
, where
p˜ =
n˜
R˜
, n˜ = w , R˜ =
2α′
R
. (2.26)
In order for exp
(
i p˜ X˜
)
to be a physical operator, it is required that
X˜(σ + 2pi) = X˜(σ) + 2piR˜ w˜ , w˜ ∈ Z . (2.27)
Therefore, the dual coordinate X˜ is compactified on a lightlike circle of radius R˜ ,
and it can carry a Kaluza-Klein excitation number n˜ . The equation n˜ = w in (2.26)
gives the usual mapping between the Kaluza-Klein excitation and winding number.
This observation implies that the dual theory is the discrete light cone quantization
(DLCQ) of relativistic open string theory.
We now return to the gauge transformation of Nw in (2.21). In the T-dual frame,
we have N =
(
A˜0 − A˜1
)
/
√
2 from (2.24), and the U(1) gauge transformation of N
follows from (2.25), with
δ˜N =
∂ ˜
∂X˜
, (2.28)
Taking the Fourier expansion of N with respect to the dual coordinate X˜ , we define
N(X0, XA
′
, X˜) =
∑
n˜
N n˜(X0 , XA
′
) exp
(
i p˜ X˜
)
, (2.29a)
˜(X0, XA
′
, X˜) =
∑
n˜
n˜(X0, XA
′
) exp
(
i p˜ X˜
)
. (2.29b)
Then, (2.28) implies that δN
n˜ = i p˜ n˜ , which matches with the transformation in
(2.21) after identifying n˜ with w and applying (2.26). In the dual frame, the Nambu-
Goldstone boson N becomes a component of the U(1) gauge field.
2.4. Longitudinal T-Duality on a Shifted Cylinder
In this subsection, we consider a different T-duality transformation in nonrelativistic
open string theory, for which the dual theory gives rise to noncommutative open string
theory (NCOS) in flat spacetime.
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X1
X0
L
︷ ︸︸ ︷L
Figure 2. The geometry of the longitudinal spacetime as a cylinder with a shift on one end.
The two end points of the dashed line are identified.
We start with the same worldsheet action (2.1) that describes nonrelativistic open
strings,
SNROS =
1
4piα′
∫
Σ
d2σ
(
∂αX
A′∂αXA
′
+ λ ∂X + λ ∂X
)
, (2.30)
and rewrite the associated boundary conditions in (2.4) equivalently as
∂σX
A′
∣∣
σ=0
= 0 , λ+ λ
∣∣
σ=0
= 0 , (2.31a)
∂X
∣∣
σ=0
= ∂X
∣∣
σ=0
= 0 , ∂X + ∂X
∣∣
σ=0
= 0 . (2.31b)
Note that the boundary conditions ∂X + ∂X
∣∣
σ=0
= 0 and ∂X + ∂X
∣∣
σ=0
= 0 in (2.31)
are equivalent to the Dirichlet boundary condition ∂τX
1
∣∣
σ=0
= 0 and the Neumann
boundary condition ∂σX
0
∣∣
σ=0
= 0 . These boundary conditions imply that there is a
D(d− 2)-brane transverse to the longitudinal spatial X1-direction.
In the previous subsections, we assumed that X1 is compactified on a longitudinal
spatial circle of radiusR , and the longitudinal sector of the target space has a cylindrical
geometry. Now, we introduce a shift on one end of this cylinder by L = 2piR in the
X0-direction as shown in Fig. 2, before identifying it with the other end. The shifted
cylinder is defined to be glued using the following equivalence relation:(
X0, X1
)
:
(
X0, 0
) ∼ (X0+ L , 2piR) , (2.32)
with X0 ∈ R and X1 ∈ [0, 2piR] . Under this shift in the X0 direction, the longitudinal
spatial circle is tilted to be the dashed line in Fig. 2, with its two ends identified. It
is important to note that L = 2piR (or L = −2piR) is a very special choice: only in
this case does the line joining between two identified points on the cylinder (such as
the dashed line in Fig. 2) lie along a lightlike direction.
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To perform a T-duality transformation on this shifted cylinder, it is useful to take
the following change of variables:
λ′ = E−1λ , Y = 2EX1, Y = X0 −X1, (2.33)
where we introduced a nonzero constant parameter E . Under this change of variables,
we find that the tilted circle on the shifted cylinder is mapped to a circle in the Y -
direction at constant Y , and the equivalence relation (2.32) is mapped to(
Y , Y
)
:
(
0 , Y
) ∼ (2pir , Y ) , r = 2ER , (2.34)
where Y ∈ [0 , 2pir] and Y ∈ R . We then rewrite (2.30) as
SNROS =
1
4piα′
∫
Σ
d2σ
[
∂αX
A′∂αXA
′
+ λ′ ∂
(
Y + E Y
)
+ λ ∂Y
]
, (2.35)
with the boundary conditions
∂σX
A′
∣∣
σ=0
= 0 , E λ′ + λ
∣∣
σ=0
= 0 , (2.36a)
∂(Y + E Y )
∣∣
σ=0
= ∂Y
∣∣
σ=0
= 0 , ∂Y + E ∂Y
∣∣
σ=0
= 0 . (2.36b)
Here, the parameter E controls the size of the circle on which Y is compactified; the
radius of this circle is r = 2ER. The dispersion relation for the open strings is
ε =
E
wr
(
kA
′
kA
′
+Nopen
)
, (2.37)
where ε is the effective energy conjugate to Y and kA
′
denotes the transverse momen-
tum.
Now, we perform a T-duality transformation along the Y -direction on the shifted
cylinder. First, we introduce the parent action for (2.35),
Sparent =
1
4piα′
∫
Σ
d2σ
[
∂αX
A′∂αXA
′
+ λ′
(
v + E ∂Y
)
+ λ ∂Y − (∂Y˜ v − ∂Y˜ v)] , (2.38)
with the boundary conditions
∂σX
A′
∣∣
σ=0
= 0 , E λ′ + λ
∣∣
σ=0
= 0 , (2.39a)
v + E ∂Y
∣∣
σ=0
= ∂Y
∣∣
σ=0
= 0 , v + E ∂Y
∣∣
σ=0
= 0 . (2.39b)
Integrating out Y˜ recovers the original action (2.35) together with the boundary con-
ditions in (2.36). To perform the T-duality transformation, we instead integrate out
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v by plugging in the equation of motion, λ′ = ∂Y˜ , from varying v in (2.38). We also
define λ˜ ≡ v . The resulting dual action is [2]
S˜NCOS =
1
4piα′
∫
Σ
d2σ
(
∂αX
A′∂αXA
′
+ E ∂Y˜ ∂Y + λ˜ ∂Y˜ + λ ∂Y
)
, (2.40)
and the dual boundary conditions are
∂σX
A′
∣∣
σ=0
= 0 , λ+ E ∂Y˜
∣∣
σ=0
= 0 , (2.41a)
∂Y˜
∣∣
σ=0
= ∂Y
∣∣
σ=0
= 0 , λ˜+ E ∂Y
∣∣
σ=0
= 0 . (2.41b)
In the dual frame, the parameter E is essentially a constant B-field and the dual
coordinate Y˜ is compactified over a lightlike circle of radius r˜ = 2α′/r . The dual D(d−
1)-brane is filling in the entire spacetime. This dual theory is the DLCQ description of
NCOS [2, 15], where Y˜ and Y do not commute,
[Y˜ (τ) , Y (τ ′)] = 4piα′E−1(τ − τ ′) . (2.42)
Here, (τ − τ ′) = 1 when τ > τ ′ and (τ − τ ′) = −1 when τ < τ ′.
The nonrelativistic open string vertex operator (2.17) in the original theory can be
written in terms of λ′ , Y and Y as
VNROS =
∫
∂Σ
dτ
[
ENλ′ + i
(
A0 ∂τY + AA′ ∂τX
A′)] . (2.43)
The T-dual of this vertex operator gives
V˜NCOS = i
∫
∂Σ
dτ A˜µ ∂τ Y˜
µ, (2.44)
where Y˜ A
′
= XA
′
, A˜A′ = AA′ and
Y˜ 0 = 1
2
(
Y˜ + Y
)
, A˜0 = A0 − 2EN , (2.45a)
Y˜ 1 = 1
2
(
Y˜ − Y ) , A˜1 = −A0 − 2EN . (2.45b)
Here, A˜µ defines the dual U(1) gauge field.
By performing the T-duality transformation along the lightlike Y˜ direction in the
dual NCOS theory, we will be led back to the original nonrelativistic open string theory
in (2.35). To see this, we start with the parent action that is equivalent to (2.40),
S˜parent =
1
4piα′
∫
Σ
d2σ
[
∂αX
A′∂αXA
′
+ E u∂Y + λ˜ u+ λ ∂Y − (∂Y u− ∂Y u)] , (2.46)
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with the boundary conditions
∂σX
A′
∣∣
σ=0
= 0 , λ+ E u
∣∣
σ=0
= 0 , (2.47a)
u
∣∣
σ=0
= ∂Y
∣∣
σ=0
= 0 , λ˜+ E ∂Y
∣∣
σ=0
= 0 . (2.47b)
By integrating out Y in S˜parent, we return to (2.40) with the boundary condition (2.41).
Instead, we perform the inverse T-duality transformation by integrating out u , which
gives the constraint λ˜ = ∂Y . Upon plugging this constraint back into S˜parent along
with the identification λ′ = u leads to the dual action that takes the same form as the
action (2.35). The dual boundary conditions also coincide with the ones in (2.36).
Note that, for the dual theory to be NCOS, it is essential to take L = 2piR (or
L = −2piR) for the shifted cylinder defined by the gluing condition (2.32). For any
other value of L 6= ±2piR, the dual theory is instead the DLCQ of relativistic open
strings coupled to a constant B-field. This latter case can be shown straightforwardly by
following the same procedure in §2.2, which we brief as follows. Define s = L/(2piR) 6=
±1 , then the change of variable in (2.33) becomes
λ′ = E−1λ , Y = 2EX1, Y = X0 − sX1, (2.48)
such that the gluing condition (2.34) remains the same for (Y, Y ). In terms of Y and
Y , the action (2.30) becomes
SNROS =
1
4piα′
∫
Σ
d2σ
{
∂αX
A′∂αXA
′
+ λ′ ∂
(
s+1
2
Y + E Y
)
+ λ ∂
(
s−1
2E
Y + Y
)}
. (2.49)
Performing the T-duality transformation as in §2.2 along the circular direction Y , we
find that the dual action takes the form
SROS =
1
4piα′
∫
Σ
d2σ
[
∂αX
A′∂αXA
′
+ 4E
s2−1
(
∂αY˜ ∂
αY + i s αβ∂αY˜ ∂βY
)]
, (2.50)
with the boundary conditions
∂σX
A′
∣∣
σ=0
= 0 , ∂σY˜
∣∣
σ=0
= −i s ∂τ Y˜ , ∂σY
∣∣
σ=0
= i s ∂τY . (2.51)
This is relativistic open string theory with a lightlike circle along the Y˜ direction and
in a constant B-field proportional to 4Es/(s2 − 1) .
2.5. From Noncommutative to Relativistic Open Strings
We have so far studied the T-duality transformation that maps from nonrelativistic
open string theory to the DLCQ of relativistic and noncommutative open string theory,
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respectively. For completeness we perform in this last subsection a longitudinal spatial
T-duality transformation in NCOS, whose dual gives rise to relativistic open string
theory with a D(d − 2)-brane in the DLCQ description. In the dual relativistic open
string theory, the D(d− 2)-brane moves in the dual circle with a velocity approaching
the speed of light, and thus with an infinite momentum. The following discussion
provides a first principles derivation of the T-duality transformation between NCOS
and the DLCQ of relativistic string theory, which was previously studied, for example,
in [20] as a subtle limit.
We start with NCOS as defined in [2], or in (2.40),
SNCOS =
1
4piα′
∫
Σ
d2σ
(
∂αX
A′∂αXA
′
+ E ∂X ∂X + λ ∂X + λ ∂X
)
, (2.52)
with E a constant B-field and the boundary conditions in (2.41),
∂σX
A′
∣∣
σ=0
= 0 , λ+ E ∂X
∣∣
σ=0
= 0 , (2.53a)
∂X
∣∣
σ=0
= ∂X
∣∣
σ=0
= 0 , λ+ E ∂X
∣∣
σ=0
= 0 . (2.53b)
Recall that this set of boundary conditions imply that the theory lives on a spacetime-
filling D(d− 1)-brane.
To perform a longitudinal spatial T-duality transformation along the X1 direction
compactified over a circle of radius R , we start with the parent action
Sparent =
1
4piα′
∫
Σ
d2σ
[
∂αX
A′∂αXA
′
+ E
(
∂X0 + v
)(
∂X0 − v)]
+
1
4piα′
∫
Σ
d2σ
[
λ
(
∂X0 + v
)
+ λ
(
∂X0 − v)]
+
i
2piα′
∫
Σ
d2σ αβ X˜ ∂αvβ +
i
2piα′
∫
∂Σ
dτ X˜ vτ , (2.54)
with v = vσ − ivτ , v = vσ + ivτ , and the boundary conditions
∂σX
A′
∣∣
σ=0
= 0 , λ+ E
(
∂X0 + v
)∣∣
σ=0
= 0 (2.55a)
∂X0 + v
∣∣
σ=0
= ∂X0 − v∣∣
σ=0
= 0 , λ+ E
(
∂X0 − v)∣∣
σ=0
= 0 . (2.55b)
The global translational symmetry in X˜ requires introducing the boundary term in
(2.54). We also require the Dirichlet boundary condition δX˜
∣∣
σ=0
= 0 . Then, integrat-
ing out X˜ gives back the original NCOS theory in (2.52).
To proceed with the longitudinal T-duality transformation in NCOS, we integrate
out vα in (2.54) by imposing the equations of motion from varying with respect to vα ,
vτ =
1
2
iE−1
(
λ+ λ
)− i ∂σ(X0 − E−1X˜) , (2.56a)
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vσ =
1
2
E−1
(
λ− λ)+ i ∂τ(X0 − E−1X˜) . (2.56b)
Subsequently, we integrate out λ and λ in the resulting action, by plugging in their
equations of motion,
λ = ∂
(
2EX0 − X˜) , λ = ∂(2EX0 − X˜) . (2.57)
Note that (2.56) and (2.57) are consistent with the equations of motion
vτ = i ∂σX
0, vσ = −i ∂τX0, (2.58)
imposed by the Lagrange multipliers λ and λ in (2.54). We find the dual action
S˜ROS =
1
4piα′
∫
d2σ
(
∂αX
A′ ∂αXA
′
+ 4E ∂αX
0 ∂αX0 − 2 ∂αX0 ∂αX˜
)
, (2.59)
together with the dual boundary conditions
∂τX˜
∣∣
σ=0
= 0 , ∂σX
A′
∣∣
σ=0
= 0 , ∂σ
(
X˜ − 4EX0)∣∣
σ=0
= 0 . (2.60)
In this dual theory, X˜ is compatified on a lightlike circle of radius R˜ = 2α′/R . This is
relativistic string theory in the DLCQ description. The Dirichlet boundary condition
in the lightlike X˜ direction implies that there is a D(d − 2)-brane boosted to large
momentum along the X˜ circle [20].
The most general open string vertex operator in NCOS is
VNCOS = i
∫
∂Σ
dτ Aµ ∂τX
µ, (2.61)
which in the parent theory becomes
Vparent = i
∫
∂Σ
dτ
(
A0 ∂τX
0 + A1 vτ + AA′∂τX
A′) . (2.62)
Applying the duality map (2.58) and the last boundary condition in (2.60), we find the
dual vertex operator,
V˜ROS =
∫
∂Σ
dτ
[
A˜ ∂σX˜ + i
(
A0 ∂τX
0 + AA′∂τX
A′)] , (2.63)
where A˜ = −A1/(4E) .
To perform the inverse T-duality transformation, we consider the following parent
action that is equivalent to (2.59):
S˜parent =
1
4piα′
∫
d2σ
(
∂αX
A′ ∂αXA
′
+ 4E ∂αX
0 ∂αX0 − 2 ∂αX0 uα
)
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+
i
2piα′
∫
Σ
d2σ αβX1∂αuβ , (2.64)
with the boundary conditions
uτ
∣∣
σ=0
= 0 , ∂σX
A′
∣∣
σ=0
= 0 , uσ − 4E ∂σX0
∣∣
σ=0
= 0 . (2.65)
Upon integrating out X1 we return to the original action (2.59). Applying the change
of variables λ′ = −uσ + iuτ and λ′ = −uσ − iuτ , we find the dual action
SNCOS =
1
4piα′
∫
d2σ
(
∂αX
A′ ∂αXA
′
+ 4E ∂X0 ∂X0 + λ′ ∂X + λ′ ∂X
)
, (2.66)
together with the boundary conditions
∂σX
A′
∣∣
σ=0
= 0 , λ′ − λ′ ∣∣
σ=0
= 0 , λ′ + λ′
∣∣
σ=0
= −8E ∂σX0
∣∣
σ=0
. (2.67)
Identifying,
λ = λ′ + E ∂
(
X + 1
2
X
)
, λ = λ′ + E ∂
(
1
2
X +X
)
, (2.68)
we find that the dual action (2.66) and the associated boundary conditions are indeed
identical to (2.52) and (2.53), respectively.
3. Curved Spacetime
In this section, we generalize the results in §2 to sigma models in arbitrary closed and
open string background fields. The calculation is most straightforward if we perform
the T-duality transformations on the side of the theory with a spacetime-filling brane.
In this case we can absorb the open string U(1) gauge field on the brane into the
definition of the B-field and then directly apply the closed string Buscher rules that
are already derived in [5, 6], following the procedure introduced in [28]. In each of
the following subsections, we will first give a brief derivation for each T-duality trans-
formation that leads to the same set of Buscher rules in [5, 6]. The derivations here
will be done in conformal gauge, without introducing the dilaton field. This makes
the T-duality transformations simpler to handle compared to the complete derivation
with the dilaton field in [6]. Revisiting how the T-duality transformation is performed
allows us to extract the duality relations that are needed to take the T-dual of the
boundary conditions. For the T-duality transformation of the dilaton field, we refer
to the result in [6]. We will discuss the T-duality transformations on the spacetime
Dirac-Born-Infeld type actions at the end of each subsection.
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3.1. From Relativistic to Nonrelativistic Open Strings
We start with generalizing the results in §2.2 that maps between relativistic and non-
relativistic open strings to arbitrary background fields. Consider the sigma model of
(relativistic) string theory on a d-dimensional arbitrary curved Riemannian geometry
and B-field background, in presence of a D(d− 1)-brane that is spacetime filling,
SROS =
1
4piα′
∫
Σ
d2σ
(
∂αX
µ ∂αXν gµν − i αβ ∂αXµ ∂βXν bµν
)
+
i
2piα′
∫
∂Σ
dτ Aµ ∂τX
µ . (3.1)
Here, we denote the metric field by gµν and the Kalb-Ramond field by bµν . The U(1)
gauge field Aµ denotes the massless degrees of freedom living on the D-brane. We
disregarded the dilaton field, which plays the same role as in closed string theory and
can be reintroduced easily at the end of the calculation. The boundary of the worldsheet
is at σ = 0 . The Neumann boundary condition at σ = 0 is
gµν∂σX
ν + i
(
bµν + Fµν
)
∂τX
ν = 0 , (3.2)
where Fµν = ∂µAν − ∂νAµ . If the open string is neutral under the background U(1)
gauge field on the D-brane, we can lift the boundary field Aµ into the bulk. This allows
us to read off the T-duality transformation of the boundary fields directly by using the
closed string Buscher rules, followed by restricting Aµ to be a boundary field at the
end of the calculation. We thus rewrite the action (3.1) as
SROS =
1
4piα′
∫
Σ
d2σ
(
∂αX
µ ∂αXν gµν − i αβ ∂αXµ ∂βXν Bµν
)
, (3.3)
with Bµν = bµν + Fµν . We assume that there exists a lightlike Killing vector kµ , with
gµν k
µ kν = 0 . (3.4)
We introduce a coordinate system Xµ = (y ,X i) adapted to kµ , such that kµ∂µ = ∂y .
The action is then invariant under this target space isometry provided that
Lk gµν = Lk Bµν = 0 , (3.5)
where Lk is the Lie derivative in the direction kµ. To perform a T-duality transforma-
tion along the isometry y-direction, we now use the formulation developed by Rocˇek
and Verlinde in [29], which has the benefit of preserving the general covariance and
manifesting effects of the global topology of the dual manifold; it is also easier to
generalize this method to more complicated cases.
– 17 –
The abelian isometry is given by δy =  . We will gauge this isometry by introduc-
ing an auxiliary gauge field vα that transforms as δvα = −∂α . The gauged version of
the string action (3.3) is
Sgauged =
1
4piα′
∫
Σ
d2σ
(
DαX
µDαXν gµν − i αβDαXµDβXν Bµν
)
− i
2piα′
∫
Σ
d2σ αβ y˜ ∂αvβ − i
2piα′
∫
∂Σ
dτ y˜ vτ , (3.6)
where we introduced a covariant derivative Dα with DαX
µ = ∂αX
µ + kµ vα . Further-
more, we require the Dirichlet boundary condition
y˜
∣∣
σ=0
= y˜0 (3.7)
for constant y˜0 , which is necessary for maintaining the gauge invariance. Note that
the boundary term in (3.6) is required by the global translational symmetry δξ y˜ = ξ ,
maintaining the physical equivalence for wherever the dual brane sits along y˜ . Then,
the Lagrange multiplier y˜ imposes that vα has zero field strength, 
αβ∂αvβ = 0 . Note
that y˜ will be interpreted as the isometry direction dual to y. We also have the analogue
of the Neumann boundary condition (3.2) for the gauged action,
gµνDσX
ν + iBµν DτXν = 0 . (3.8)
Fixing the gauge vα = 0 , the original theory in (3.3) with the boundary condition (3.2)
is recovered.
To pass on to the dual action, we first note that the gauged action (3.6) is linear
in vα , which is a Lagrange multiplier that imposes the condition
gyi ∂αX
i − i αβ
[(
byi − ∂iAy
)
∂βX
i + ∂β y˜
]
= 0 . (3.9)
Moreover, we define the dual coordinates X˜µ = (y˜, X i) adapted to the dual isometry
direction, and also the covariant derivative
DαX˜
µ = ∂αX˜
µ − kµ∂αX i∂iAy , (3.10)
as required by the Stueckelberg symmetry
δηy˜ = η(X
i) , δηAy = η(X
i) , (3.11)
which gauges the global translational symmetry in y˜ . We also define
λα ≡ C−1
[(
vα + ∂αy
)−DαX˜µCµ0 + i αβDβX˜µCµ1] , (3.12)
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where C = C(X˜) 6= 0 and CµA = CµA(X˜) are arbitrary functions that parametrize
the Stueckelberg symmetries in the dual nonrelativistic string theory [6] (see (3.28)).
The dual action can then be obtained by rewriting (3.6) together with its boundary
conditions by substituting vα with λα using (3.12). The dual action is
S˜NROS =
1
4piα′
∫
Σ
d2σ
(
DαX˜
µDαX˜νHµν − i αβDαX˜µDβX˜νBµν
)
+
1
4piα′
∫
Σ
d2σ
(
λDX˜µ τµ + λDX˜
µ τµ
)
+
i
2piα′
∫
∂Σ
dτ
(
Ai ∂τX
i + y˜0 ∂τy
)
, (3.13)
where
D = Dσ − iDτ , λ = λσ − iλτ , (3.14a)
D = Dσ + iDτ , λ = λσ + iλτ , (3.14b)
and
τi
0 = C gyi , τy
0 = 0 , (3.15a)
τi
1 = C byi , τy
1 = C , (3.15b)
Hyy = −2Cy1 , Hyi = Cy 0 gyi − Cy 1 byi − Ci1 , (3.15c)
Byi = Cy
0 byi − Cy1 gyi − Ci0 , (3.15d)
Hij = gij +
(
Ci
0 gyj + Cj
0 gyi
)− (Ci1 byj + Cj1 byi) , (3.15e)
Bij = bij +
(
Ci
0 byj − Cj0 byi
)− (Ci1 gyj − Cj1 gyi) . (3.15f)
This bulk action is precisely nonrelativistic string theory on a string Newton-Cartan
geometry and B-field background that generalizes the free action (2.1) in flat spacetime
[6]. Note that τµ
A plays the role of the longitudinal Vielbein field, with τµ = τµ
0 + τµ
1
and τµ = τµ
0 − τµ1. Define EµA′ to be the transverse Vielbein field in string Newton-
Cartan geometry, we write as in [6]
Hµν = Eµ
A′Eν
A′ +
(
τµ
Amν
B + τν
Amµ
B
)
ηAB , (3.16)
where mµ
A is the gauge field associated with a noncentral extension in the string
Newton-Cartan algebra. The Buscher rules in (3.15) are the same as in [5]. The
dilaton transformation does not change, which can be read off from [5], with
Φ = φ+ log |C| . (3.17)
– 19 –
Here, φ is the dilaton in the original theory and Φ is the dual dilaton. We thus recover
the result that the dual target space is described by string Newton-Cartan geometry,
coupled to the dual B-field (and dilaton). Moreover, we see that the constraint (3.9)
imposed by integrating out vα in (3.6) can be equivalently written as
DX˜µ τµ = DX˜
µ τµ = 0 , (3.18)
which are imposed by the Lagrange multipliers λ and λ in the dual theory (3.13).
When y is compactified on a circle of radius R , the boundary term in (3.13) gives∮
∂Σ
dτ y˜0 ∂τy = 2pinR y˜0 , n ∈ Z . (3.19)
In the path integral, this gives rise to the dual of the Wilson line for the U(1) gauge
field, in the sector with winding number n. Here, the location y˜ = y˜0 of the D-brane
is dual to the constant value that a gauge-fixed Ay takes. This observation generalizes
straightforwardly to the U(1)N case with multiple D-branes in the dual theory [28].
The dual boundary conditions can be derived by using (3.9) and (3.12) to rewrite
(3.8) in terms of λ and λ , which gives
∂τ y˜ = 0 , (3.20a)
DiX˜
µ
[
Hµν DσX˜
ν + i Bµν DτX˜
ν + 1
2
(
λ τµ + λ τµ
)]
+ i Fij ∂τX
j = 0 , (3.20b)
where DiX˜
µ = δµi − kµ∂iAy . Equation (3.20a) implies that y˜ satisfies a Dirichlet
boundary condition. This is consistent with (3.7) from requiring that the action (3.6)
is invariant under the global translation in y˜ . One also obtains the same boundary
condition (3.20b) from varying the action in (3.13) with respect to X i . The dual
isometry y˜ -direction is spacelike in the longitudinal sector, with ∂y˜ = k
µ∂/∂X˜µ and
kµ τµ
0 = 0 , kµ τµ
1 6= 0 , kµEµA′ = 0 . (3.21)
In this dual theory, there is a D(d− 2)-brane localized at y˜ = y˜0 and transverse to the
isometry y˜ -direction. The global translational symmetry in y˜ is now gauged and thus
spontaneously broken in the dual theory.
In the dual nonrelativistic open string theory, the field Ay plays the role of a Nambu-
Goldstone boson associated with the spontaneous symmetry breaking of the isometry
in y˜ . This can be made manifest by defining the collective coordinate Y˜ = y˜ − Ay .
Using the adapted coordinates Y˜ µ = (Y˜ , X i) , we rewrite (3.13) as
S˜NROS =
1
4piα′
∫
d2σ
(
∂αY˜
µ∂αY˜ νHµν − i αβ∂αY˜ µ∂βY˜ νBµν + λ ∂Y˜ µ τµ + λ ∂Y˜ µ τµ
)
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+
i
2piα′
∫
∂Σ
dτ
(
Ai ∂τX
i + y˜0 ∂τy
)
, (3.22)
and the constraints in (3.18) become
∂ Y˜ µ τµ = ∂ Y˜
µ τµ = 0 . (3.23)
The boundary conditions in (3.20) become
∂τ Y˜ + ∂τX
i ∂iAy = 0 , (3.24a)
∂iY˜
µHµν ∂σY˜
ν + i
(
∂iY˜
µBµν∂jY˜
ν + Fij
)
∂τX
j + 1
2
(
λ τµ + λ τµ
)
∂iY˜
µ = 0 . (3.24b)
In the above, we are taking Ay as a field living in the bulk, and we may treat it as such
when performing T-duality. Restricting Ay back to be on the boundary imposes the
boundary condition Y˜
∣∣
σ=0
= y˜0 − Ay , while Y˜ = y˜ in the bulk.
The Nambu-Goldstone boson Ay can also be treated of as part of the embedding
function Y˜ µ = fµ(X i) that describes how the D-brane is embedded in a d-dimensional
spacetime. We have
δY˜ µ
∣∣∣
σ=0
= δX i ∂if
µ(X i). (3.25)
Here, X i, i = 0, 1, . . . , d− 2 , are coordinates of the D-brane submanifold. Varying the
action in (3.22) with respect to X i gives
∂if
µHµν ∂σY˜
ν + iFij ∂τXj + 12
(
λ τi + λ τ i
)
= 0 , (3.26)
where
τi
A = ∂if
µ τµ
A , Fij = ∂ifµBµν ∂jf ν + Fij . (3.27)
The above boundary conditions (together with the equations from restricting (3.23) on
the boundary) recover the ones in [1] for nonrelativistic open string theory.
When fµ is left arbitrary, the configuration of the D-brane is not fixed and we
are in the unbroken phase of the spontaneous symmetry breaking of the longitudinal
spatial isometry. The theory is invariant under the string Newton-Cartan gauge sym-
metry (except for the ones broken by the isometry direction) as well as the following
Stueckelberg transformations [1]:
Hµν → Hµν −
(
τµ
ACν
B + τν
ACµ
B
)
ηAB , (3.28a)
Bµν → Bµν +
(
τµ
ACν
B − τνACµB
)
AB , (3.28b)
and
τµ → C τ λ→ C−1
[
λ− ∂Xµ(Cµ0 − Cµ1)] , (3.28c)
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τµ → C τµ , λ→ C−1
[
λ− ∂Xµ(Cµ0 + Cµ1)] . (3.28d)
The parameters C and Cµ
A have been introduced in (3.12).9 In presence of a dilaton
field Φ , we also have
Φ→ Φ + ln |C| . (3.28e)
In the broken phase, the embedding function fµ develops a vacuum expectation value
fµ = fµ0 with f
y
0 = y˜0 and f
i
0 = X
i, which breaks the string Newton-Cartan symmetry
to the Bargmann symmetry, and also halves the Stueckelberg symmetry in (3.28).
Finally, we consider the same T-duality transformation of the worldvolume action
of the spacetime-filling D(d − 1)-brane in relativistic open string theory described by
the action (3.1) with its boundary conditions (3.2). For a single D-brane in spacetime,
conformal invariance of the two-dimensional relativistic open string worldsheet leads to
a nonlinear theory for the U(1) connection living on the D-brane known as the Dirac-
Born-Infeld (DBI) action. We start with the relativistic DBI action on a spacetime
filling brane,
SrDBI = Td−1
∫
ddXµ e−φ
√− detMµν , Mµν ≡ gµν + bµν + Fµν . (3.29)
Here, Xµ = (y ,X i) , where y is a lightlike isometry direction, with gyy = 0 . We show
that this action is T-dual to the DBI action on the D(d−2)-brane in nonrelativistic
open string theory [1],10
S˜nrDBI = T˜d−2
∫
dd−1X i L˜nrDBI , (3.30)
with
L˜nrDBI = e−Φ
√√√√− det( 0 ∂jfµ τµ
∂if
µ τµ ∂if
µ∂jf
ν
(
Hµν +Bµν
)
+ Fij
)
. (3.31)
To show the equivalence of the two actions, we apply the Buscher rules (3.15) and
(3.17) to (3.30) along with the explicit form of the embedding function,
f y = y˜0 − Ay , f i = X i, (3.32)
9There is a derivative constraint that C must satisfy: EµA′∂µC = 0 , where E
µ
A′ is the inverse
transverse Vielbein field in string Newton-Cartan geometry [5].
10Also see [30, 31] for a related worldvolume action and discussions on its T-duality transformation.
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which gives
L˜nrDBI = e−φ
√√√√− det( 0 MyjMiy Mij + (Ci + CyFyi)Myj +Miy (Cj + CyFyj)
)
= e−φ
√− detMµν . (3.33)
This shows that the Lagrangian densities in SrDBI and S˜nrDBI are equal to each other.
If the isometry y-direction is compactified on a circle of radius R , then, by identifying
2piRTd−1 = T˜d−2 , we find that SrDBI = S˜nrDBI .
3.2. From Noncommutative to Nonrelativistic Open Strings
In this subsection, we discuss the generalization of the the T-duality transformation
that relates noncommutative and nonrelativistic open string theory in §2.4 to general
background fields. We start with the NCOS sigma model that generalizes the free action
(2.40) in flat spacetime to a string Newton-Cartan geometry, B-field and spacetime-
filling brane background,
SNCOS =
1
4piα′
∫
Σ
d2σ
(
∂αX
µ ∂αXνhµν − i αβ∂αXµ ∂βXνbµν + λ ∂Xµ tµ + λ ∂Xµ tµ
)
+
i
2piα′
∫
∂Σ
dτ Aµ ∂τX
µ . (3.34)
The Neumann boundary conditions are
hµν∂σX
ν + i
(
bµν + Fµν
)
∂τX
ν + 1
2
(
λ tµ + λ tµ
)
= 0 . (3.35)
In the neutral case, we write
SNCOS =
1
4piα′
∫
Σ
d2σ
(
∂αX
µ ∂αXνhµν − i αβ∂αXµ ∂βXνBµν
)
+
1
4piα′
∫
Σ
d2σ
(
λ ∂Xµ tµ + λ ∂X
µ tµ
)
, (3.36)
where hµν = Eµ
A′Eν
A′ +
(
tµ
Amν
B + tν
Amµ
B
)
ηAB and Bµν = bµν +Fµν . Here, tµA is the
longitudinal Vielbein field, Eµ
A′ is the transverse Vielbein field, and mµ
A is the gauge
field associated with a noncentral extension in string Newton-Cartan algebra. See [6].
Consider a longitudinal lightlike Killing vector `µ with
`µ tµ 6= 0 , `µ tµ = 0 , `µEµA′ = 0 . (3.37)
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Define the adapted coordinates Xµ = (y,X i) with respect to `µ, with `µ∂µ = ∂y .
Gauging the isometry by introducing a flat gauge field vα , we find the gauged action
Sgauged =
1
4piα′
∫
Σ
d2σ
(
DαX
µDαXνhµν− i αβDαXµDβXν Bµν+ λDXµ tµ+ λ ∂X i ti
)
− i
2piα′
∫
Σ
d2σ αβ y˜ ∂αvβ − i
2piα′
∫
∂Σ
dτ y˜ vτ , (3.38)
together with the Dirichlet boundary condition y˜
∣∣
σ=0
= y˜0 for a constant y˜0 , which is
required by the gauge invariance. Here, DαX
µ = ∂αX
µ + kµ vα . The gauged version
of the Neumann boundary conditions in (3.35) is
hµνDσX
ν + iBµν DτXν + 12
(
λ tµ + λ tµ
)
= 0 . (3.39)
Now, we perform a T-duality transformation along the isometry y-direction by
integrating out vα in the action SNCOS from (3.38). This can be done by first writing
down the equation of motion for vα as
vτ = − 1
hyy
[
hyν ∂τX
ν − i (Byν ∂σXν + ∂σy˜)+ i2 λ ty] , (3.40a)
vσ = − 1
hyy
[
hyν ∂σX
ν + i
(Byν ∂τXν + ∂τ y˜)+ 12 λ ty] . (3.40b)
Plugging vα into (3.38), and taking the redefinition X˜
µ =
(
y˜ , X i
)
and
λ = −hyy t−1y C λ˜−DX˜µCµ , DαX˜µ = ∂αX˜µ − `µ ∂αX i ∂iAy , (3.41)
with C 6= 0 , we find the dual action
S˜NROS =
1
4piα′
∫
Σ
d2σ
(
DαX˜
µDαX˜ν Hµν − i αβDαX˜µDβX˜ν Bµν
)
+
1
4piα′
∫
Σ
d2σ
(
λ˜ DX˜µ τµ + λ ∂X
i τ i
)
+
i
2piα′
∫
∂Σ
dτ
(
Ai ∂τX
i + y˜0 ∂τy
)
, (3.42)
where
Hyi =
byi
hyy
+
ty
(
τy Ci + τiCy
)
2hyy C
, τy = C , τ i = ti , (3.43a)
Byi =
hyi
hyy
− ty
(
τy Ci − τiCy
)
2hyy C
, τi = C
(
hyi + byi
)
ty − hyy ti
ty
, (3.43b)
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Hij = hij +
byi byj − hyi hyj
hyy
+
ty
(
τiCj + τj Ci
)
2hyy C
, Hyy =
1 + ty Cy
hyy
, (3.43c)
Bij = bij +
byi hyj − byj hyi
hyy
− ty
(
τiCj − τj Ci
)
2hyy C
. (3.43d)
When the dilaton φ is included, the dual dilaton Φ is
Φ = φ+ 1
2
log
(
t−1y C
)
. (3.43e)
If one takes
C = −Cy = 1
ty
, Ci =
(
hyi − byi
)
ty − hyy ti
t2y
, (3.44)
then (3.43) becomes
Hij = hij +
hyy ti tj −
(
hyi tj + hyj ti
)
ty
t2y
, Φ = φ− log |ty| , (3.45a)
Hyµ = 0 , Byi =
ti
ty
, Bij = bij +
byi tj − byj ti
ty
, (3.45b)
τy =
1
ty
, τ i = ti , τi =
byi ty − hyy ti + hyi ty
t2y
, (3.45c)
which recovers the Buscher rules in [6]. Note that this set of Buscher rules is non-
singular in the limit hyy → 0 . Plugging (3.42) into the boundary condition (3.39), we
find the following dual boundary conditions:
∂τ y˜ = 0 , (3.46a)
DiX˜
µ
[
Hµν DσX˜
ν + i Bµν DτX˜
ν + 1
2
(
λ˜ τµ + λ τµ
)]
+ i Fij ∂τX
j = 0 , (3.46b)
where DiX˜
µ = δµi − `µ ∂iAy . We also used the constraint DX˜µ τµ = 0 imposed by the
Lagrange multiplier λ˜ in (3.42). The dual theory is nonrelativistic open string theory.
The dual y˜-direction is a lightlike isometry direction, in the sense that the Vielbeine
fields satisfy
`µτµ 6= 0 , `µ τµ = 0 , `µEµA′ = 0 . (3.47)
In this dual theory, there is a D(d−2)-brane transverse to the y˜-direction. One may
also absorb the Nambu-Goldstone boson Ay into the definition of a collective coordinate
Y˜ = y˜0 − Ay and the discussion goes the same as in §3.1.
Finally, we perform the same T-duality transformation on the DBI type action for
the spacetime-filling D(d− 1)-brane in NCOS,
SncDBI = Td−1
∫
ddXµ LncDBI , (3.48)
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with
LncDBI = e−φ
√√√√det( 0 tµ
tµ hµν + bµν + Fµν
)
. (3.49)
In presence of the lightlike isometry direction y , we rewrite SncDBI as
LncDBI = e−φ
√√√√√√det
0 ty tj0 Myy Myj
ti Miy Mij
 = e−φ
√√√√√√− det
 ty 0 tjMyy 0 Myj
Miy ti Mij

= e−φ
√√√√− det(0 Myj ty −Myy tj
ti Mij ty −Miy tj
)
, (3.50)
where we definedMµν = hµν + bµν + Fµν . On the other hand, the worldvolume action
for a D-brane transverse to the longitudinal lightlike isometry direction in NROS is
S˜nrDBI = T˜d−2
∫
dd−1X i L˜nrDBI , (3.51)
with
L˜nrDBI = e−Φ
√√√√− det( 0 ∂jfµ τµ
∂if
µ τµ ∂if
µ∂jf
ν
(
Hµν +Bµν
)
+ Fij
)
, (3.52)
where f y = y˜0 − Ay and f i = X i. Plugging the Buscher rules (3.43) into (3.51) and
comparing with (3.50), we find L˜nrDBI = LncDBI . This proves that the two worldvolume
actions, (3.48) and (3.51), are T-dual to each other.
3.3. From Noncommutative to Relativistic Open Strings
Finally, we consider the generalization to arbitrary background fields of the T-duality
transformation in §2.5 that relates noncommutative to relativistic open string theory.
We start with noncommutative open string theory in string Newton-Cartan geometry
with a lightlike isometry in the longitudinal sector, which is described by the sigma
model in (3.36) together with the boundary condition in (3.35). Instead of taking
the longitudinal lightlike Killing vector in (3.37), we now assume that there exists a
longitudinal spatial Killing vector kµ , with
kµ tµ
0 = 0 , kµ tµ
1 6= 0 , kµEµA′ = 0 . (3.53)
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Gauging the isometry in (3.36) by introducing a flat gauge field vα , we find
SNCOS =
1
4piα′
∫
Σ
d2σ
(
DαX
µDαXνhµν − i αβDαXµDβXν Bµν
)
+
1
4piα′
∫
Σ
d2σ
(
λDXµ tµ + λDX
µ tµ
)
− i
2piα′
∫
Σ
d2σ αβ y˜ ∂αvβ − i
2piα′
∫
∂Σ
dτ y˜ vτ , (3.54)
whereDαX
µ = ∂αX
µ+kµ vα and y˜ satisfies the Dirichlet boundary condition y˜
∣∣
σ=0
= y˜0
for a constant y˜0 , required by the gauge invariance. The gauged version of the boundary
condition (3.35) is
hµν DσX
ν + i
(
bµν + Fµν
)
DτX
ν + 1
2
(
λ tµ + λ tµ
)
= 0 . (3.55)
Varying with respect to vα in (3.54), we find
λ = − 1
ty
(−∂ y˜ − Byi ∂X i + hyµDXµ) , (3.56a)
λ = − 1
ty
(
∂ y˜ + Byi ∂X i + hyµDXµ
)
. (3.56b)
where D = Dσ − iDτ and D = Dσ + iDτ . Also note that varying (3.54) with respect
to λ and λ gives rise to the equations of motion for vα , with
vα = −∂αy − 1
ty1
(
∂αX
i ti
1 − i αβ ∂βX i ti0
)
. (3.57)
We perform a T-duality transformation along the isometry y direction, with ∂y =
kµ∂µ , by integrating out the auxiliary gauge field vα . This amounts to using (3.56)
and (3.57) to eliminate λ , λ and vα in (3.54), which leads to the dual action
S˜ROS =
1
4piα′
∫
Σ
d2σ
(
DαX˜
µDαX˜ν Gµν − i αβDαX˜µDβX˜ν Bµν
)
+
i
2piα′
∫
∂Σ
dτ
(
Ai ∂τX
i − y˜ ∂τy
)
, (3.58)
with the Buscher rules [6]
Gyy = 0 , (3.59a)
Gyi =
ti
A ty
BAB
tyy
, Byi =
tyi
tyy
, (3.59b)
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Gij = hij +
(
byi tj
A + byj ti
A
)
ty
BAB + hyytij − hyi tyj − hyj tyi
tyy
, (3.59c)
Bij = bij +
byi tyj − byj tyi −
(
hyy ti
A tj
B − hyi tyA tjB + hyj tyA tiB
)
AB
tyy
, (3.59d)
where tµν = tµ
A tν
B ηAB . In addition, the dilaton field φ , when included, transforms
into Φ with
Φ = φ− 1
2
ln tyy . (3.60)
Plugging (3.56) and (3.57) into the boundary conditions in (3.35), we find the following
dual boundary conditions:
∂τ y˜ = 0 , DiX˜
µ
(
Gµν DσX˜
ν + i Bµν DτX˜
ν
)
+ i Fij ∂τX
j = 0 . (3.61)
The dual theory is described by the sigma model for relativistic strings, whose target
space is Riemannian. The dual y˜-direction is a lightlike isometry direction due to the
condition Gyy = 0 . In this dual theory, there is a D(d− 2)-brane that is transverse to
the compactified lightlike y˜-direction, which implies that the dual theory is the DLCQ
of relativistic open string theory.
Introducing the collective coordinate Y˜ = y˜ − Ay , we rewrite (3.58) as
S˜ROS =
1
4piα′
∫
Σ
d2σ
(
∂αY˜
µ ∂αY˜ ν Gµν − i αβ ∂αY˜ µ ∂βY˜ ν Bµν
)
+
i
2piα′
∫
∂Σ
dτ
(
Ai ∂τX
i − y˜0 ∂τy
)
, (3.62)
where Y˜ µ = (Y˜ , X i) . The boundary conditions in (3.61) become
∂τ Y˜ + ∂τAy = 0 , ∂iY˜
µGµν ∂σY˜
ν + i
(
∂iY˜
µBµν ∂jY˜
ν + Fij
)
∂τX
j = 0 . (3.63)
Restricting the support of Aµ to be on the boundary requires Y˜ = y˜ in the bulk and
Y˜
∣∣
σ=0
= y˜0 − Ay on the boundary. In a covariant form, the boundary conditions are
Y˜ µ = fµ(X i) , ∂σY˜
µ τµ
A = i AB ∂τX
i τi
B , (3.64a)
∂if
µGµν ∂σY˜
ν + iFij ∂τXj = 0 , (3.64b)
where fµ(X i) is the embedding function of the D-brane and Fij = ∂ifµBµν ∂jf ν +Fij .
Finally, we consider the T-duality transformation acting on the worldvolme actions
for D-branes in spacetime. We start with the DBI action for the D(d − 2)-brane in
relativistic open string theory is
S˜rDBI = T˜d−2
∫
dd−1X i e−Φ
√
− det [∂ifµ(Gµν +Bµν)∂jf ν + Fij]. (3.65)
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where f y = y˜0 − Ay and f i = X i. Plugging the Buscher rules (3.59) and (3.60) into
(3.65), and using fµ = Xµ − kµAy , we find
SrDBI = Td−2
∫
dd−1X e−φ
√− detNij , (3.66)
with
Nij = −ty tyMij + ti tyMyj +Miy tj ty −Myy ti tj , (3.67)
where Mµν = hµν + bµν + Fµν . Note that
− det
0 ty tjty Myy Myj
ti Miy Mij
 = det
 ty 0 tjMyy ty Myj
Miy ti Mij

= det
(
ty Myj ty −Myy tj
ti Mij ty −Miy tj
)
= − detNij . (3.68)
Therefore, we find that the DBI type action for the spacetime-filling brane in NCOS is
SncDBI = Td−1
∫
ddXµ e−φ
√√√√− det( 0 tµ
tµ hµν + bµν + Fµν
)
. (3.69)
We conclude that the worldvolume actions S˜rDBI in (3.65) and SncDBI in (3.69) are
T-dual to each other.
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